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The quantum Zakharov system in three spatial dimensions and an associated Lagrangian description, as well
as its basic conservation laws, are derived. In the adiabatic and semiclassical cases, the quantum Zakharov
system reduces to a quantum modified vector nonlinear Schrödinger �NLS� equation for the envelope electric
field. The Lagrangian structure for the resulting vector NLS equation is used to investigate the time dependence
of the Gaussian-shaped localized solutions, via the Rayleigh-Ritz variational method. The formal classical limit
is considered in detail. The quantum corrections are shown to prevent the collapse of localized Langmuir
envelope fields, in both two and three spatial dimensions. Moreover, the quantum terms can produce an
oscillatory behavior of the width of the approximate Gaussian solutions. The variational method is shown to
preserve the essential conservation laws of the quantum modified vector NLS equation. The possibility of
laboratory tests in the next generation intense laser-solid plasma compression experiment is discussed.
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I. INTRODUCTION

The Zakharov system �1�, describing the coupling be-
tween Langmuir and ion-acoustic waves, is one of the basic
models in plasma physics �see Refs. �2,3� for reviews�. Re-
cently �4�, a quantum modified Zakharov system was de-
rived, by means of the quantum plasma hydrodynamic equa-
tions �5–7�. Enhancement of the quantum effects was then
shown, e.g., to suppress the four-wave decay instability. Sub-
sequently �8�, a kinetic treatment of the quantum Zakharov
system has proved that the modulational instability growth
rate can be increased in comparison to the classical case, for
partially coherent Langmuir wave electric fields. Also, a
variational formalism was identified and used to study the
radiation of localized structures described by the quantum
Zakharov system �9�. Bell-shaped electric field envelopes of
electron plasma oscillations in dense quantum plasmas obey-
ing Fermi statistics were analyzed in Ref. �10�. More math-
ematically oriented works on the quantum Zakharov equa-
tions concern its Lie symmetry group �11� and the derivation
of exact solutions �12–14�. Finally, using Galerkin approxi-
mation methods, the appearance of hyperchaos in the tempo-
ral dynamics of the quantum Zakharov system was high-
lighted �15�.

All these papers refer to quantum Zakharov equations in
one spatial dimension only. In the present work, we extend
the quantum Zakharov system to fully three-dimensional
�3D� space, allowing also for a magnetic field perturbation.
In the classical case, both heuristic arguments and numerical
simulations indicate that the ponderomotive force can pro-

duce finite-time collapse of Langmuir wave packets in two or
three dimensions �2,16,17�. This is in contrast to the one-
dimensional case, whose solutions are smooth. A dynamic
rescaling method was used for the time evolution of electro-
static self-similar and asymptotically self-similar solutions in
two and three dimensions, respectively �18�. Allowing for
transverse fields shows that singular solutions of the result-
ing vector Zakharov equations are weakly anisotropic, for a
large class of initial conditions �19�. The electrostatic nonlin-
ear collapse of Langmuir wave packets in the ionospheric
and laboratory plasmas has been observed �20,21�. Also, the
collapse of Langmuir wave packets in beam plasma experi-
ments verifies the basic concepts of strong Langmuir turbu-
lence, as introduced by Zakharov �22�. The analysis of the
coupled longitudinal and transverse modes in the classical
strong Langmuir turbulence has been less studied �23–25�, as
well as the intrinsically magnetized case �26�, which can lead
to upper-hybrid wave collapse �27�. Finally, Zakharov-like
equations have been proposed for the electromagnetic wave
collapse in a radiation background �28�.

It is expected that the ponderomotive force causing the
collapse of localized solutions in two- or three-space dimen-
sions could be weakened by the inclusion of quantum effects,
making the dynamics less violent. This conjecture is checked
after establishing the quantum Zakharov system in higher-
dimensional space and using its variational structure in asso-
ciation with a �Rayleigh-Ritz� trial function method.

The paper is organized in the following fashion. In Sec. II,
the quantum Zakharov system in three spatial dimensions is
derived by means of the usual two-time-scale method ap-
plied to the fully 3D quantum hydrodynamic model. In Sec.
III, the 3D quantum Zakharov system is shown to be de-
scribed by a Lagrangian formalism. The basic conservation
laws are then also derived. When the density fluctuations are
slow enough so that an adiabatic approximation is possible,
and treating the quantum term of the low-frequency equation
as a perturbation, a quantum modified vector nonlinear
Schrödinger �NLS� equation for the envelope electric field is
obtained. In Sec. IV, the variational structure is used to ana-
lyze the temporal dynamics of localized �Gaussian� solutions
of this quantum NLS equation, through the Rayleigh-Ritz
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method, in two spatial dimensions. Some numerical esti-
mates and simulations concerning the next generation intense
laser-solid plasma compression experiment are devised. Sec-
tion V extended the treatment to fully 3D space. Special
attention is paid to the comparison between the classical and
quantum cases and the considerable qualitative and quantita-
tive differences between them. Section VI shows the conclu-
sions.

II. QUANTUM ZAKHAROV EQUATIONS IN 3+1
DIMENSIONS

The starting point for the derivation of the electromag-
netic quantum Zakharov equations is the quantum hydrody-
namic model for an electron-ion plasma, Eqs. �20�–�28� of
Ref. �7�. For the electron fluid pressure pe, consider the equa-
tion of state for spin 1/2 particles at zero temperature,

pe =
3

5

mevFe
2 ne

5/3

n0
2/3 , �1�

where me is the electron mass, vFe is the electron Fermi
speed, ne is the electron number density, and n0 is the equi-
librium particle number density both for electron and ions.
The pressure and quantum effects �due to their larger mass�
are neglected for the ions. Also due to the larger ion mass, it
is possible to introduce a two-time-scale decomposition, ne
=n0+�ns+�nf, ni=n0+�ns, ue=�us+�u f, ui=�us, E=�Es
+�E f, and B=�B f, where the subscripts s and f refer to
slowly and rapidly changing quantities, respectively. Also, ue
is the electron fluid velocity, ni is the ion number density, ui
is the ion fluid velocity, E is the electric field, and B is the
magnetic field. Notice that it is assumed that there is no slow
contribution to the magnetic field, a restriction which allows
getting B= �me /e�� ��u f �see Eq. �2.21� of Ref. �3��, where
−e is the electron charge. Including a slow contribution to
the magnetic field could be an important improvement, but
this is outside the scope of the present work.

The validity of the above assumptions should be dis-
cussed in more depth. In the spirit of the fluid approximation
used to derive the Zakharov equations, both for the classical
and quantum cases, kinetic effects are neglected. Therefore, a
necessary condition is that any characteristic length should
be greater than the Debye length, a delicate assumption here
since quantum effects tend to be more effective at nanos-
cales. In addition, the existence of a slow time scale must be
checked in each particular example. For instance, in prin-
ciple the temporal scale of a Langmuir envelope can become
comparable to the inverse of the electron plasma frequency,
especially in collapsing scenarios. Also, the nonrelativistic
assumption should be verified. Finally, the quantum hydro-
dynamic model equations do not have dissipation terms,
which amounts to a nonstrongly coupling assumption. For a
degenerate plasma, appropriately described by Fermi-type
equation of state �1�, due to Pauli blocking the collisionless
regime is better achieved for high-density environments. As
discussed in Ref. �29�, to avoid the need to include colli-
sional effects one should have a small quantum coupling
parameter gQ=2mee

2 / ��3�2�2/3�2�0n0
1/3�, where � is the

scaled Planck constant and �0 is the vacuum permittivity. For

gQ�1, necessarily n0�1032 m−3, a condition which can be
attained, for instance, in the next generation laser-plasma
compression experiments �30�. Some other dense plasma ex-
isting in environments such as white dwarfs or neutron stars
must be considered with reserve because of relativistic ef-
fects. Also, the core of massive planets is not sufficiently
dense, to avoid strong coupling. Nevertheless, the results
from the present model can have at least a qualitative agree-
ment in these extra systems.

Following the usual approximations �3,4�, the quantum
corrected 3D Zakharov equations then read

2i	pe
�Ẽ

�t
− c2 � � �� � Ẽ� + vFe

2 � �� · Ẽ� =
�ns

n0
	pe

2 Ẽ

+
�2

4me
2 � ��2�� · Ẽ�� , �2�

�2�ns

�t2 − cs
2�2�ns −

�0

4mi
�2��Ẽ�2� +

�2

4memi
�4�ns = 0. �3�

Here Ẽ is the slowly varying envelope electric field defined
via

E f =
1

2
�Ẽe−i	pet + Ẽ�ei	pet� , �4�

where 	pe is the electron plasma frequency. Also, in Eqs. �2�
and �3� c is the speed of light in vacuum and mi is the ion
mass. In addition, cs

2=
BTFe /mi, where 
BTFe=mevFe
2 . There-

fore, cs is a Fermi ion-acoustic speed, with the Fermi tem-
perature replacing the thermal temperature for the electrons.

In comparison to the classical Zakharov system �see Eqs.
�2.48a� and �2.48b� of Ref. �3��, there is the inclusion of the
extra dispersive terms proportional to �2 in Eqs. �2� and �3�.
Other quantum difference is the presence of the Fermi speed
instead of the thermal speed in the last term at the left-hand
side of Eq. �2�. From the qualitative point of view, the terms
proportional to �2 are responsible for extra dispersion which
can avoid collapsing of Langmuir envelopes, at least in prin-
ciple. This possibility is investigated in Secs. IV and V. Fi-
nally, notice the nontrivial form of the fourth-order deriva-

tive term in Eq. �2�. It is not simply proportional to �4Ẽ as
could be wrongly guessed from the quantum Zakharov equa-

tions in 1+1 dimensions, where there is a ��4Ẽ /�x4 contri-
bution �4�.

It is useful to consider the rescaling

r =
2��	per

vFe
, t̄ = 2�	pet ,

n =
�ns

4�n0
, E =

eẼ

4��me	pevFe

, �5�

where �=me /mi. Then, dropping the bars in r , t, we obtain

i
�E
�t

−
c2

vFe
2 � � �� � E� + ��� · E� = nE + � � ��2�� · E�� ,

�6�
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�2n

�t2 − �2n − �2��E�2� + ��4n = 0, �7�

where

� =
me

mi
� �	pe


BTFe
	2

�8�

is a nondimensional parameter associated with the quantum
effects. Usually, it is an extremely small quantity, but it is
nevertheless interesting to retain the �� terms, especially for
the collapse scenarios. The reason is not only due to a gen-
eral theoretical motivation, but also because from some
simple estimates one concludes that these terms become of
the same order as some of other terms in Eqs. �2� and �3�
provided that the characteristic length of the spatial deriva-
tives becomes as small as the mean interparticle distance. To
reach this conclusion, the expressions 	pe= �n0e2 /me�0�1/2

and 
BTFe=�2�3�2n0�2/3 /2me for the electron plasma fre-
quency and Fermi energy were used. Of course, the Za-
kharov equations are not able to describe the late stages of
the collapse since they do not include dissipation, which is
unavoidable for short scales. However, even Landau damp-
ing would be irrelevant for a zero-temperature Fermi plasma,
where the main influence comes from the Pauli pressure.
Finally, in the left-hand side of Eq. �6� the ��� ·E� term is
retained because the �c2 /vFe

2 transverse term disappears in
the electrostatic approximation.

For an hydrogen plasma, one has �=5.64�106n0
−1/3,

which gives �
10−4 for high densities such as n0
=1032 m−3. However, this small numerical value of � does
not justify to ignore the quantum effects. Rather, it is just a
result from the scaling. Indeed, in collapsing scenarios the
quantum terms play a decisive influence and have a magni-
tude comparable to the other terms in Eqs. �6� and �7�. This
property will be explicitly verified with simulations, in Sec.
IV.

In the adiabatic limit, neglecting �2n /�t2 in Eq. �7� and
under appropriated boundary conditions, it follows that

n = − �E�2 + ��2n . �9�

When ��0, it is not immediate to directly express n as a
function of �E� as in the classical case. Therefore, the adia-
batic limit is not enough to derive a vector nonlinear
Schrödinger equation, due to the coupling in Eq. �9�.

The adiabatic �subsonic� assumption can be formulated as
follows. Denoting by l the characteristic length and by  the
characteristic time scale for a nontranslating Langmuir wave
packet, the issue is whether l2 /2�1, allowing discarding
the second time-derivative term in Eq. �7�. The inequality
tends to be violated in collapsing scenarios, which �classi-
cally� are supersonic or self-similar. However, as shown
later, quantum effects provide a qualitative change in the
dynamics, avoiding collapse and, in this sense, extending the
range of applicability of the subsonic regime. It is also of
interest to verify if the time scale of the oscillations of the
Langmuir wave packets is indeed slow enough in compari-
son to the plasma oscillations scale, so that 	pe�1. Both
necessary conditions must be checked in each concrete case.

III. LAGRANGIAN STRUCTURE
AND CONSERVATION LAWS

The quantum Zakharov Eqs. �6� and �7� can be described
by the Lagrangian density

L =
i

2
�E� ·

�E
�t

− E ·
�E�

�t
	 −

c2

vFe
2 �� � E�2 − �� · E�2

− ����� · E��2 + n� ��

�t
− �E�2	 −

1

2
�n2 + ���n�2 + ����2� ,

�10�

where n, the auxiliary function �, and the components of
E ,E� are regarded as independent fields. Remark: for the par-
ticular form �Eq. �10�� and for a generic field �, one com-
putes the functional derivative as

�L
��

=
�L
��

−
�

�ri

�L
��/�ri

−
�

�t

�L
��/�t

+
�2

�ri � rj

�L
�2�/�ri � rj

,

�11�

using the summation convention and where ri are Cartesian
components.

Taking the functional derivatives with respect to n and �,
we have

��

�t
= n + �E�2 − ��2n �12�

and

�n

�t
= �2� , �13�

respectively. Eliminating � from Eqs. �12� and �13� we ob-
tain the low-frequency equation. In addition, the functional
derivatives with respect to E� and E produce the high-
frequency equation and its complex conjugate. The present
formalism is inspired by the Lagrangian formulation of the
classical Zakharov equations �31�.

The quantum Zakharov equations admit as exact con-
served quantities the “number of plasmons” of the Langmuir
field,

N =� �E�2dr , �14�

the linear momentum �with components Pi , i=x ,y ,z�,

Pi =� � i

2
�E j

�E j
�

�ri
− E j

�
�E j

�ri
	 − n

��

�ri
dr , �15�

and the Hamiltonian,

H =� �n�E�2 +
c2

vFe
2 �� � E�2 + �� · E�2 + ����� · E��2

+
1

2
�n2 + ���n�2 + ����2�dr . �16�

Furthermore, there is also a preserved angular momenta
functional, but it is not relevant in the present work. These
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four conserved quantities can be associated, through Noet-
her’s theorem, to the invariance of the action under gauge
transformation, time translation, space translation, and rota-
tions, respectively. The conservation laws can be used, e.g.,
to test the accuracy of numerical procedures. Also, observe
that Eqs. �7� and �9� for the adiabatic limit are described by
the same Lagrangian density �Eq. �10��. In this approxima-
tion, it suffices to set ��0.

In addition to the adiabatic limit, Eq. �9� can be further
approximated to

n = − �E�2 − ��2��E�2� , �17�

assuming that the quantum term is a perturbation. In this way
and using Eq. �6�, a quantum modified vector nonlinear
Schrödinger equation is derived,

i
�E
�t

+ ��� · E� −
c2

vFe
2 � � �� � E� + �E�2E

= � � ��2�� · E�� − �E�2��E�2� . �18�

The appropriate Lagrangian density Lad,sc for the semi-
classical Eq. �18� is given by

Lad,sc =
i

2
�E� ·

�E
�t

− E ·
�E�

�t
	 −

c2

vFe
2 �� � E�2 − �� · E�2

− ����� · E��2 +
1

2
�E�4 −

�

2
����E�2��2, �19�

where the independent fields are taken as the E and E� com-
ponents.

The expression N for the number of plasmons in Eq. �14�
remains valid as a constant of motion in the joint adiabatic
and semiclassical limit, as well as the momentum P in Eq.
�15� with ��0. Finally, the Hamiltonian

Had,sc =� � c2

vFe
2 �� � E�2 + �� · E�2 + ����� · E��2 −

1

2
�E�4

+
�

2
����E�2��2dr �20�

is also a conserved quantity.
In terms of the scale length l of the Langmuir envelopes,

it follows from both Eqs. �6� and �7� that the quantum terms
are higher-order corrections provided �� l2. In view of the
smallness of the parameter � in high-density plasmas, this is
a not so stringent inequality, but can imply limitations espe-
cially in quasicollapse scenarios. Nevertheless, the quantum
terms imply qualitative changes in the dynamics of self-
focusing Langmuir wave packets, as explained in the next
sections.

In the following, the influence of the quantum terms in the
right-hand side of Eq. �18� is investigated, assuming adia-
batic and semiclassical conditions for collapsing quantum
Langmuir envelopes. Other collapse regimes, such as the su-
personic one �18,19�, are also relevant and shall be investi-
gated in the future. The present approximations are mainly
justified on a relative analytical simplicity. Certainly, more
detailed advances can be obtained via numerical simulation

of the full quantum Zakharov system. However, direct nu-
merical integration of the equations is made delicate by the
presence of the high-order dispersive terms that plays a cen-
tral role on the small-scale dynamics.

IV. VARIATIONAL SOLUTION IN TWO DIMENSIONS

Consider the adiabatic semiclassical system defined by
Eq. �18�. We refer to localized solution for this vector NLS
equation as �quantum� “Langmuir wave packets,” or enve-
lopes. As discussed in detail in �31� in the purely classical
case, Langmuir wave packets will become singular in a finite
time, provided the energy is not bounded from below. Of
course, explicit analytic Langmuir envelopes are difficult to
derive. A fruitful approach is to make use of the Lagrangian
structure for deriving approximate solutions. This approach
has been pursued in �32� for the classical and in �9� for the
quantum Zakharov system. Both studies considered the in-
ternal vibrations of Langmuir envelopes in one spatial di-
mension. Presently, we shall apply the time-dependent
Rayleigh-Ritz method for the higher-dimensional cases. A
priori, it is expected that the quantum corrections would in-
hibit the collapse of localized solutions, in view of wave-
packet spreading. To check this conjecture, and to have more
definite information on the influence of the quantum terms,
first we consider the following Ansatz,

E = �N

�
	1/2 1

�
exp�−

�2

2�2	exp�i�� + k�2���cos �,sin �,0� ,

�21�

which is appropriate for two spatial dimensions. Here �, k,
�, and � are real functions of time, and �=�x2+y2. Normal-
ization condition �14� is automatically satisfied �in two di-
mensions the spatial integrations reduce to integrations on
the plane�. Other localized forms, involving, e.g., a sech-type
dependence, could have been also proposed. Here a Gaussian
form was suggested mainly for the sake of simplicity �33�.
Notice that envelope electric field �21� is not necessarily
electrostatic: it can carry a transverse ���E�0� component.

The free functions in Eq. �21� should be determined by
extremization of the action functional associated with La-
grangian density �19�. A straightforward calculation gives

L2 �� Lad,scdxdy = − N��̇ + �2k̇ +
2c2

vFe
2 k2�2 +

1

2
� c2

vFe
2

−
N

2�
	 1

�2 + 8�k2 + 16�k4�4 + �1 +
N

2�
	 �

�4 , �22�

where only the main quantum contributions are retained.
Now L2 is the Lagrangian for a mechanical system, after the
spatial form of the envelope electric field was defined in
advance via Eq. �21�. Of special interest is the behavior of
the dispersion �. For a collapsing solution one could expect
that � goes to zero in a finite time. The phase � and the chirp
function k should be regarded as auxiliary fields. Notice that
L2 is not dependent on the angle �, which remains arbitrary
as far as the variational method is concerned.

Applying the functional derivative of L2 with respect to
�, we obtain
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�L2

��
= 0 → Ṅ = 0, �23�

so that the variational solution preserves the number of plas-
mons, as expected. The remaining Euler-Lagrange equations
are

�L2

�k
= 0 → ��̇ =

2c2

vFe
2 �2k + 8�k + 32��4k3, �24�

�L2

��
= 0 → �k̇ = −

2c2

vFe
2 k2� +

1

2
� c2

vFe
2 −

N

2�
	 1

�3 − 32�k4�3

+ �1 +
N

2�
	2�

�5 . �25�

The exact solution of the nonlinear system �Eqs. �24� and
�25�� is difficult to obtain, but at least the dynamics was
reduced to ordinary differential equations.

It is instructive to analyze the purely classical ���0� case
first. This is especially important since to our knowledge the
Rayleigh-Ritz method was not applied to vector NLS Eq.
�18�, even in the classical limit. The reason can be due to the
calculational complexity induced by the transverse term.
When �=0, Eq. �24� gives k=vFe

2 �̇ /2c2�. Inserting this in
Eq. �25� we have

�̈ = −
�V2c

��
, �26�

where the pseudopotential V2c is

V2c =
c2

2vFe
2 � c2

vFe
2 −

N

2�
	 1

�2 . �27�

From Eq. �27� it is evident that the repulsive character of the
pseudopotential will be converted into an attractive one,
whenever the number of plasmons exceeds a threshold,

N �
2�c2

vFe
2 , �28�

a condition for Langmuir wave-packet collapse in the classi-
cal two-dimensional case. The interpretation of the result is
as follows. When the number of plasmons satisfy Eq. �28�,
the refractive ��E�4 term dominates over the dispersive terms
in Lagrangian density �19�, producing a singularity in a finite
time. In addition, notice that in the case of a classical ideal
gas equation of state, the only basic change would be the
replacement of the Fermi by the thermal velocity. Finally,
notice the ballistic motion when N=2�c2 /vFe

2 , which can
also lead to singularity.

Further insight follows after evaluating energy integral
�20� with Ansatz �21�, which gives, after eliminating k,

Had,sc,2c =
NvFe

2

c2 � �̇2

2
+ V2c �� � 0� . �29�

Of course, this energy first integral could be obtained directly
from Eq. �26�. However, the plausibility of the variational
solution is reinforced since Eq. �29� shows that it preserves
the exact constant of motion Had,sc. In addition, in the attrac-

tive �collapsing� case energy �29� is not bounded from bel-
low.

In the quantum ���0� case, Eq. �24� becomes a cubic
equation in k, whose exact solution is too cumbersome to be
of practical use. It is better to proceed by successive approxi-
mations, taking into account that the quantum and electro-
magnetic terms are small. In this way, one arrives at

�̈ = −
�V2

��
, �30�

where the pseudopotential V2 is

V2 =
c2

2vFe
2 � c2

vFe
2 −

N

2�
	 1

�2 +
�c2

vFe
2 �1 +

N

2�
	 1

�4 . �31�

Now, even if threshold �28� is exceeded, the repulsive ��−4

quantum term in V2 will prevent singularities. This adds
quantum diffraction as another physical mechanism, besides
dissipation and Landau damping so that collapsing Langmuir
wave packets are avoided in the vector NLS equation. Also,
similarly to Eq. �29�, it can be shown that the approximate
dynamics preserves the energy integral, even in the quantum
case. Indeed, calculating from Eq. �20� and the variational
solution gives Had,sc as

Had,sc,2 =
NvFe

2

c2 � �̇2

2
+ V2 �� � 0� . �32�

From Eq. �30�, obviously Ḣad,sc,2=0.
It should be noticed that oscillations of purely quantum

nature are obtained when the number of plasmons exceeds
threshold �28�. Indeed, in this case the pseudopotential V2 in
Eq. �31� assumes a potential well form as shown in Fig. 1,
which clearly admits oscillations around a minimum �=�m.
Here,

�m = 2� ��1 + N/2��
N/2� − c2/vFe

2 1/2

. �33�

Also, the minimum value of V2 is

V2��m� = −
c2

16�vFe
2

�N/2� − c2/vFe
2 �2

1 + N/2�
� −

1

16�
� N

2�
−

c2

vFe
2 	2

,

�34�

the last inequality following since Eq. �28� is assumed.
Therefore, a deepest potential well is obtained for increasing

Σ

V2

FIG. 1. The qualitative form of the pseudopotential in Eq. �31�
for N�2�c2 /vFe

2 .
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N. Also, for too large quantum effects the trapping of the
localized electric field in this potential well would be diffi-
cult since V2��m�→0− as � increases. This is due to the
dispersive nature of the quantum corrections.

The frequency � of the small amplitude oscillations is
derived linearizing Eq. �30� around equilibrium point �33�,
yielding

� =
c

2�2�vFe

�N/2� − c2/vFe
2 �3/2

1 + N/2�
. �35�

Restoring physical coordinates via Eq. �5� this frequency is
calculated as

	 =
c

�2vFe
�
BTFe

�	pe
	2 �N/2� − c2/vFe

2 �3/2

1 + N/2�
	pe

�
vFe

�2c
�
BTFe

�	pe
	2� N

2�
−

c2

vFe
2 	3/2

	pe. �36�

Equation �36� gives the frequency of the breatherlike
mode of quantum Langmuir wave packets. To be coherent
with the slow temporal dynamics of the envelope electric
field and the density fluctuation, we impose 	 /	pe�1. Ex-
amining Eq. �36�, we find a smaller oscillation frequency for
bigger ambient density n0 and for smaller electrostatic en-
ergy �which is proportional to N�. Hence, to fit the model it is
better to not have an extremely high plasmon number N,
otherwise one would not be in the scope of the slow time-
dependence approximation. However, the plasmon number
cannot be too small because inequality �28� is supposed to
hold, for the existence of the breather mode. In this spirit, it
is convenient to define a parameter 0���1 such that

N

2�
� �1 + ��

c2

vFe
2 . �37�

Combining Eqs. �36� and �37�, one has, to good agreement
and using the nonrelativistic condition,

	

	pe
=

1014

1 + �

�3/2

n0
1/3 , �38�

for an hydrogen plasma. One can verify that for ordinary
plasmas the oscillation frequency of the breather mode is too
high. Hence, we assume a dense plasma with n0=2
�1033 m−3, which is expected to be realized in the next
generation intense laser-solid plasma compression schemes.
In this case, from Eq. �38� one needs ��10−4 to comply with
	 /	pe�1. Specifically, we define �=0.5�10−4 and, addi-
tionally, a temperature T=107 K, a realistic value in reso-
nant backward Raman amplification of laser pulses in plas-
mas �30�. In this case, one has the parameters 	pe=2.52
�1018 s−1 and vFe=0.11c, three times the electron thermal
speed and still weakly relativistic. It is essential to have a
small thermal velocity since equation of state �1� for a zero-
temperature Fermi gas was used as starting point. Moreover,
	 /	pe=2.65�10−4, fairly small to be in accordance with the
slow time-dependence hypothesis. Finally, one found an
electrostatic energy ��0 /2���E�2dr=0.57 GeV and a quantum
parameter �=4.48�10−5. Such a small number should not

be overemphasized since the nonpurely classical dynamics is
quite different from the strictly classical one.

The adiabatic condition should be also verified. Due to the
form of the trial function in Eq. �21� and �n��E2 to first
approximation, one can assign the spatial scale l�� to the
density fluctuation n. Moreover, in the case of oscillatory
wave packets, which are the more interesting since they are a
quantum-mechanical effect, one has the temporal scale 
��−1, where � is given by Eq. �35�. In addition, for not too
strongly nonlinear situations, one can use ���m, where �m
is given by Eq. �33�. With the chosen parameters, we have
l2 /2��2�m

2 �0.22, in satisfactory agreement with a sub-
sonic dynamics. However, for nonlinear oscillations far from
the equilibrium point, both estimates ��−1 and ���m can
be questioned and tested numerically. It could be tempting to
take a bigger �, which of course would be easier to achieve
in experiments, but then the adiabatic approximation would
not be satisfied. This is because the oscillation frequency of
the breather mode becomes bigger for bigger plasmon num-
ber. In this respect this work is just a first attempt to charac-
terize the periodic behavior of quantum Langmuir wave
packets. Figure 2 shows the behavior of the width � solving
Eqs. �24� and �25�, with initial condition near the fixed point
��m ,k�= �1.90,0�. For comparison, also the collapsing clas-
sical trajectory is shown, obtained removing the quantum
terms proportional to � in the same system. Figure 3 shows
the corresponding periodic trajectory in phase space �� ,k�.

The remaining conditions to be checked are the smallness
of the quantum terms and the neglect of kinetic and strong-
coupling effects. For the assumed high density n0=2

10 20 30 40 50
t

1.2

1.4

1.6

1.8

2

2.2

2.4

Σ

FIG. 2. Numerical solution for the width � satisfying Eqs. �24�
and �25�. Parameters: n0=2�1033 m−3 and ��0 /2���E�2dr
=0.57 GeV. Initial conditions: ��0�=1.90 and k�0�=0.05. Dashed
curve: the corresponding collapsing classical solution without the
quantum terms.

1.6 1.7 1.8 1.9 2.1 2.2 2.3
Σ

�0.2

�0.1

0.1

0.2

103 k

FIG. 3. Numerical solution for Eqs. �24� and �25� in phase
space, with the same parameters as in Fig. 2.
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�1033 m−3, strong-coupling effects can be safely ignored in
view of Pauli blocking which avoid collisions, as argued in
Sec. I. Moreover, using rescaling �5�, one gets a nondimen-
sional Debye length �D=0.02, much smaller than the char-
acteristic length l��m=1.90, so that the fluid approximation
is satisfactory. Finally, from both Eqs. �6� and �7� we con-
clude that the quantum terms are perturbations provided l2

��, which presently traduces into 3.61�4.48�10−5.
To conclude the section, the variational solution suggests

that the extra dispersion arising from the quantum terms
would inhibit the collapse of Langmuir wave packets in two
spatial dimensions. Moreover, for sufficient electric field en-
ergy �which is proportional to N�, instead of collapse there
will be oscillations of the width of the localized solution, due
to the competition between the classical refraction and the
quantum diffraction. The frequency of linear oscillations is
then given by Eq. �36�. The emergence of a pulsating Lang-
muir envelope could be tested quantitatively in experiments,
such as those involving the next generation intense laser-
solid density plasma compression schemes.

V. VARIATIONAL SOLUTION IN THREE DIMENSIONS

It is worth to study the dynamics of localized solutions for
vector NLS Eq. �18� in fully three-dimensional space. For
this purpose, we consider the Gaussian form

E = � N

�����3	1/2
exp�−

r2

2�2 + i�� + kr2�
��cos � sin �,sin � sin �,cos �� , �39�

where �, k, �, �, and � are real functions of time and r
=�x2+y2+z2, applying the Rayleigh-Ritz method just like in
the last section. Normalization condition �14� is automati-
cally satisfied with Eq. �39�, which, occasionally, can also
support a transverse ���E�0� part.

Proceeding as before, the Lagrangian

L3 �� Lad,scdr

= − N��̇ +
3

2
�2k̇ +

4c2

vFe
2 k2�2 +

c2

vFe
2 �2 −

N

4�2�3/2�3

+ 10�k2 + 20�k4�4 +
5�

4�4 +
3�N

4�2�3/2�5 �40�

is derived. In comparison to the reduced two-dimensional
Lagrangian in Eq. �22�, there are different numerical factors
as well as qualitative changes due to higher-order nonlineari-
ties. Also, the angular variables � and � do not appear in L3.

The main remaining task is to analyze the dynamics of the
width � as a function of time. This is achieved from the
Euler-Lagrange equations for the action functional associated

to L3. As before, �L3 /��=0 gives Ṅ=0, a consistency test
satisfied by the variational solution. The other functional de-
rivatives yield

�L3

�k
= 0 → ��̇ =

4k

3
�2c2

vFe
2 �2 + 5��1 + 4k2�4� , �41�

�L3

��
= 0 → �k̇ =

1

3�−
8c2

vFe
2 k2� +

2c2

vFe
2 �3 −

3N

4�2�3/2�4

− 80�k4�3 +
5�

�5 +
15�N

4�2�3/2�6 . �42�

In the formal classical limit ���0�, and using Eq. �41� to
eliminate k, we obtain

�̈ = −
�V3c

��
, �43�

where now the pseudopotential V3c is

V3c =
c2

vFe
2 � 8c2

9vFe
2 �2 −

2N

9�2�3/2�3	 . �44�

Form �44� shows a generic singular behavior since the attrac-
tive ��−3 term will dominate for sufficiently small �, irre-
spective of the value of N. Hence, in fully three-dimensional
space there is more “room” for a collapsing dynamics. Fig-
ure 4 shows the qualitative form of V3c, attaining a maximum
at �=�M, where

�M =
3vF

2N

8�2�3/2c2
. �45�

By Eq. �42� and using successive approximations in the
parameter � to eliminate k via Eq. �41�, we obtain

�̈ = −
�V3

��
, �46�

where

V3 =
8c2

3vFe
2 � c2

3vFe
2 �2 −

N

12�2�3/2�3
+

5�

12�4 +
�N

4�2�3/2�5 .

�47�

The quantum terms are repulsive and prevent collapse since
they dominate for sufficiently small �. Moreover, when �
�0 an oscillatory behavior is possible, provided a certain
condition, to be explained in the following, is meet.

To examine the possibility of oscillations, consider
V3����=0, the equation for the critical points of V3. Under the
rescaling s=� /�M, where �M �defined in Eq. �45�� is the
maximum of the purely classical pseudopotential, the equa-
tion for the critical points reads

Σ

V3 c

FIG. 4. The qualitative form of the pseudopotential V3c in Eq.
�44�.
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V3� = 0 → s3 − s2 +
4g

27
= 0, �48�

where

g =
480�3�c4

N2vFe
4 �49�

is a new dimensionless parameter. In deriving Eq. �48�, it
was omitted a term negligible except if s�c2 /vFe

2 , which is
unlikely.

The quantity g plays a decisive role on the shape of V3.
Indeed, calculating the discriminant shows that the solutions
to the cubic in Eq. �48� are as follows: �a� g�1→ three
distinct real roots �one negative and two positive�; �b� g=1
→one negative root, one �positive� double root; �c� g�1
→one �negative� real root, two complex-conjugate roots.
Therefore, g�1 is the condition for the existence of a poten-
tial well, which can support oscillations. This is shown in
Fig. 5. The analytic formulae for the solutions of the cubic in
Eq. �48� are cumbersome and will be omitted.

Restoring physical coordinates, the necessary condition
for oscillations is rewritten as

g � 1 →
�0

2
� �Ẽ�2dr �

�30�

�
mevFec , �50�

where �=e2 /4��0�c
1 /137 is the fine-structure constant.
From Eq. �50� it is seen that for sufficient electrostatic en-
ergy the width � of the localized envelope field can show
oscillations, supported by the competition between classical
refraction and quantum diffraction. Also, due to the Fermi
pressure, for large particle densities inequality �50� becomes
more difficult to be met since vFe�n0

1/3. For example, when
n0�1036 m−3 �white dwarf�, the right-hand-side of Eq. �50�
is 0.6 GeV. For n0�1033 m−3 �the next generation intense
laser-solid density plasma experiments�, it is 57.5 MeV.

Finally, notice that Had,sc from Eq. �20�, evaluated with
variational solution �39�, is proportional to �̇2 /2+V3, which
is a constant of motion for Eq. �46�. Therefore, the approxi-
mate solution preserves one of the basic first integrals of
vector NLS Eq. �18�, as it should do.

VI. CONCLUSION

In this paper, the quantum Zakharov system in fully three-
dimensional space has been derived. An associated Lagrang-
ian structure was found, as well as the pertinent conservation
laws. From the Lagrangian formalism, many possibilities are
opened. Here, the variational description was used to analyze
the behavior of localized envelope electric fields of Gaussian
shape, in both two- and three-space dimensions. It was
shown that the quantum corrections induce qualitative and
quantitative changes, inhibiting singularities and allowing for
oscillations of the width of the Langmuir envelope field. This
dynamics can be tested in experiments with focusing of in-
tense x-ray pulses by means of resonant backward Raman
amplification in plasmas. Indeed, in the next generation
laser-based plasma compression schemes, large particle den-
sities such as ne�1033 m−3 can be achievable �there is no
known theoretical limit �30��. In particular, the influence of
the parameter g and the inequality in Eq. �50� should be
investigated. However, the variational method was applied
here only for the adiabatic and semiclassical case, which
allows deriving quantum modified vector NLS Eq. �18�.
Other more general scenarios for the solutions of the fully
three-dimensional quantum Zakharov system are also worth
to study, with numerical and real experiments. In this regard,
it could be very interesting to apply the Lagrangian method
to the full quantum Zakharov equations, without limitation to
the adiabatic or semiclassical case. For this it would be nec-
essary to specify not only the envelope electric field trial
function, but also the extra fields n and � present in the
Lagrangian density in Eq. �10�. The appropriate choice of
these additional trial functions is not completely trivial and
will be postponed.
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